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STATISTICAL INFERENCE Goodness-of-Fit

Example 15 (Continued): Dielectric breakdown voltage data

2446 2561 26.25 2642 2666 2715 2731 2754 27.74 2794
2798 28.04 28.28 2849 28.50 2887 29.11 2913 29.50 30.88

Hypothesis tests and confidence intervals involve the F', x?and ¢ distributions
that all utilize an assumption of normality in the data. Although minor
deviations from normality are allowable, the procedures above are not
distribution-free. Alternatives exist to the above tests that are distribution-free
and should be used in case of large departures from normality.

*  How can we test for normality of the data?

. How can we test in general whether data fits a particular theoretical
distribution?

* To answer to these questions is to execute a goodness-of-fit test.
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STATISTICAL INFERENCE Method-of-Moments

* To execute a goodness-of-fit test we first need to fit a theoretical
distribution to the data. How does one accomplish that?

e Let the dataset (1, ..., Z,) be a realization of an ¢.¢.d. random sample
from a theoretical distribution with density function f(x|©), where
© = (61, 0,). We can next evaluate the expressions for population mean

E[X|0] and variance V [ X |©] and solve for © = (61, 02), by setting:

E|[X|0] = =, i.e. the sample mean
V[X|0] = s?, i.e. the sample variance

Example 15 (Continued): Dielectric breakdown voltage data

2446 2561 26.25 2642 2666 2715 2731 2754 27.74 2794
2798 28.04 28.28 2849 28.50 2887 29.11 2913 29.50 30.88

T~ 27.793, s* ~ 2.137Tor s ~ 1.462

1
o\/ 2T

distribution with E[X |, 0] = pand V[ X | u, 0] = 02, we have

1 M)Z

*  Assuming a normal density f(z|u, o) = e~2(%)" as the model
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STATISTICAL INFERENCE

Method-of-Moments

{M:f:27,793 {,u:f:27.793
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Voltage Normal MOM Fit: n =
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Analysis in "Voltage_Normal MOM_Fit.R"
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STATISTICAL INFERENCE Method-of-Moments

*  Assuming a gamma density f(z|a, 3) = %ajo‘_le_ﬁm as the model

distribution with F[X |, 8] = a/Band V[X |, 8] = a/3?, we have

N o = f—j — (2;'3;’)2 ~2 361.46 - Shape Parameter
% ~ 0.0769 - Scale Parameter
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STATISTICAL INFERENCE Method-of-Moments
{ o i fﬁ X 3 o= fjj = ;j%gg;’y ~ 361.46
B=5 B=% =215 ~13.01
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STATISTICAL INFERENCE Method-of-Moments

—=> Minitab does not uses the method-of-moments

a~ 375.8
B~ 1/0.07395 = 13.52

Voltage Gamma Mintab Fit: n = 20,x=27.79,s,=1.462
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Analysis in "Voltage_ Gamma_Minitab_Fit.R"
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STATISTICAL INFERENCE Maximum Likelihood

* Let the dataset (1, ..., Z,) be a realization of an %.7.d. random
sample from a theoretical distribution with density function f(z|0), where
© = (61, 02). Next, we can formulate the likelihood function

n

LO|(x1.....2,)) = [[F(:l®)
i=1
*  Next, we select the Maximum Likelihood Estimates (MLE's) such that

61,0, maximize the likelihood function L(©|(z1, . . . , Z»)) as a function
of (61, 6,) given the dataset (1, ...,Z,) .

*  For most distributions the L(O|(x1, ..., x,)) is differentiable and in that case
a necessary condition for optimality is:

0
00

L(O|(z1,...,20)) = 0, i =1,2

*  For many distributions these conditions are also sufficient (BE CAREFUL),
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STATISTICAL INFERENCE Maximum Likelihood

*  For many distributions maximizing L(O|(z1, ..., x,)) is equivalent to
maximizing Log{L(®|(x1,...,x,))}. (BE CAREFUL).

Example 17: Assuming a normal density f(z|u, o) = 0\/%6_%( )" as the

model distribution, we have

|
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p—t
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Lol oan)) = [T 72—
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i
=t
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STATISTICAL INFERENCE Maximum Likelihood

*  Maximizing the likelithood is here equivalent to maximizing the log-likelihood:

> (m; — M)2

In{L(p,ol(x1,...,25))} = — gLn(meQ) =1

202

* Taking partial derivatives with respect to p and o yields:

%Ln{L(u,aKml,...,xn))} = 2%‘2 X [iQ(xz — M)]

9, n2r-20 1< 20
O Lol m) = P2 SN[ 2]
o n{ (,LL,O'|(£IL‘1, y L ))} 9 27_‘_0_2 2;(:6 ,LL) 0_4
(i — p)? no’ — > (z; — p)’
_ E—I— i=1 _ i=1
% o° o3
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STATISTICAL INFERENCE Maximum Likelihood

*  Setting both partial derivatives equal to zero and solving for pt and o

yields:
n n 1 n
ZQ(CBZ—,LL) :O$sz—n,u:()<:>,u:52xz
1=1 1=1 =1
no* — Z(CU@ o ILL)Q n 1"
. 2:13 :0<:>7”L0'2: (xi_ﬂ>2<:>0'2:_ (xi_N)Q
g i—1 =

e Note that the MLE for o is not the unbiased estimator S?, so these two
different principles of estimation may yield different estimates:

Example 15 (Continued): Dielectric breakdown voltage data

2446 2561 26.25 2642 26.66 2715 2731 2754 27.74 27.94
2798 28.04 28.28 2849 28.50 2887 29.11 29.13 29.50 30.88

T~ 27.793, (n — 1)s*/n ~ 2.0300r \/(n — 1)s?/n ~ 1.425

EMSE 4765 Notes J.R. van Dorp; dorpjr@gwu.edu ; Page 11



STATISTICAL INFERENCE Maximum Likelihood

T~ 27.793, (n — 1)s%/n ~ 2.030 or v/ (n — 1)s2/n ~ 1.425

Voltage Normal MLE Fit: n= 20 ,x=27.79,s,=1.462
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Analysis in "Voltage_ Gamma_Minitab_Fit.R"
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STATISTICAL INFERENCE

Maximum Likelihood

Voltage Normal MLE Fit: n= 20 ,x=27.79,s,= 1.462
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STATISTICAL INFERENCE

Maximum Likelihood

Voltage Normal MOM Fit: n= 20 ,x=27.79, s, = 1.462
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STATISTICAL INFERENCE

Maximum Likelihood

Voltage Gamma MOM Fit: n= 20 ,x=27.79, s, = 1.462
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STATISTICAL INFERENCE Maximum Likelihood

Voltage Gamma Mintab Fit: n = 20,x=27.79,s,=1.462
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STATISTICAL INFERENCE x2-Goodness-of-Fit

*  The Chi-Square test compares the empirical histogram density, constructed
from sample data, to a candidate theoretical density.

*  Assume that the dataset (1, ..., Z,) is a realization of ¢.¢.d. random
sample from an underlying random variable X ~ F'( - |9).

e 'This sample 1s then used to construct an empirical histogram with 772 bins
whete Bin j corresponds to the interval [L B, U B;]. The chi-square test
allows some flexibility in the choice on bin-boundaries.

*  The estimator of the probability p; = Pr{X € [LB,;, U Bj|} of cell jis:
— O;

pj=ﬁ7j=1,'°'7m7

where O; is the number of observations in Bin j. (These can be
determined using the FREQUENCY array function in Micro Soft Excel).
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STATISTICAL INFERENCE x2-Goodness-of-Fit

e Let Fix(x|@) be some theoretical candidate model distribution with model
parameter vector @ of the random variable X whose goodness-of-fit is to be

assessed. Then we can mathematically evaluate after estimating 6 from
the dataset (z1,...,Z,) :

pj = Pr{X € [LB;,U Bj|}
— Fx(UB,(0) — Fx(LB,|8), j=1,...,m.
*  Define next:

O; = Number of Observations in Bin j = ﬁj X N
E; = Expected Number of Observations in Bin 7 = p; X V.

and the "distance measure'" between the O;'s and E;'s (both estimated
using the same dataset (1, ..., Z,):

™ (0. — E.)?
S2=Z( J .7) > 0.
=1 K
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STATISTICAL INFERENCE x2-Goodness-of-Fit

« Intuition: If Fx( - |§) is a good fit then "the theoretical value" of p; should
be close to the empirical value /ﬁj (and thus O; should be close to £,

j=1,...,m). Hence a good fit would have a small "distance" S?-value.

It can be shown that S? is a realization of X% -random variable
(asymptotically): i.e. a realization of a chi-squared random variable with k
degrees of freedom, where

k=m—10|] — 1.

Here is |@| equal to dimension or the number of parameters in the vector
0. Note that, x7 is a random variable with support [0, 00) (i.e. it only takes on

non-negative values).

¢ Using the CHL.DIST function in Microsoft Excel we can calculate the
probability that X3 is greater than the observed value S2. If this
probability is small (large), than clearly the observed value S? may be
considered "big" ("'small").
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STATISTICAL INFERENCE x 2-Goodness-of-Fit

*  The p-value of the Chi-Squared goodness-of-fit test is defined as:
p-value = Pr(x; > S?)

* Itis common to reject the candidate theoretical distribution when the p-
value is smaller than 0.01, 0.05 or even 0.10.

. Rule of thumb for the number of Bins:

Sample Size N Numberof Bins
< 20 Do notuse x> — Test
50 5to 10
100 10t020
> 100 Nto%

*  Rule of thumb for the size of E;'s: (which allows for the Chi-Squared
distribution assumption): It has been suggested that £; > 3, 4 or 9, there is no
real agreement on this issue.
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STATISTICAL INFERENCE

x 2-Goodness-of-Fit

*  The Chi-Squared Test allows for flexibility in the choice of bin boundaries.
Nowadays it is preferred that boundaries are selected such that the
expected number of observations is the same in each bin. This weighs

each part of the theoretical fit F'x( - |E) equally in the chi-squared analysis.

Example 15 (Continued): Dielectric breakdown voltage data

2446 2561 26.25 2642 2666 2715 2731 2754 27.74 2794
2798 28.04 28.28 2849 28.50 2887 29.11 2913 29.50 30.88

Equal Bin Width Method: MOM fit

Bin LB UB o] P Ei (Or-E)’/E;

1 <24.46 26.07 2 11.86% 2.37 0.06

2 26.07 27.67 6 34.79% 6.96 0.13

3 27.67 29.28 10 37.82% 7.56 0.78

4 29.28 > 30.88 2 15.53% 3.11 0.39

20 100.00% 1.37
# Bins 4
# Parameters 2
# Degrees of Freedom 1
P-Value 24.19%
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STATISTICAL INFERENCE x 2-Goodness-of-Fit

Equal Bin Width Method: MLE fit

Bin LB UB o] P Ei (Or-E)7/E;

1 <24.46 26.07 2 11.26% 2.25 0.03

2 26.07 27.67 6 35.30% 7.06 0.16

3 27.67 29.28 10 38.53% 7.71 0.68

4 29.28 > 30.88 2 14.91% 2.98 0.32

20 100.00% 1.19
# Bins 4
# Parameters 2
# Degrees of Freedom 1
P-Value 27.44%

Equal Average Observation in Bin Method: MLE and MOM fit

Bin LB UB O I p; P Ei (Or-E)/E

1 < 24.46 26.81 5 25.00% 25.00% 5.00 0.00

2 26.81 27.79 4 50.00% 25.00% 5.00 0.20

3 27.79 28.78 6 75.00% 25.00% 5.00 0.20

4 28.78 > 28.78 5 100.00% 25.00% 5.00 0.00

| 20 | | 0.40
# Bins 4
# Parameters 2
# Degrees of Freedom 1
P-Value 52.71%
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STATISTICAL INFERENCE Credibility Intervals

Graphical Depiction of Equal-Bin Width x?- goodness-of-fit test

Voltage Chi-Squared Test - MOM Equal Bin Width Voltage Chi-Squared Test - MLE Equal Bin Width
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STATISTICAL INFERENCE Credibility Intervals

Graphical Depiction of Equal-Probability x?- goodness-of-fit test

Voltage Chi-Squared Test - MOM Equal Probability Voltage Chi-Squared Test - MOM Equal Probability
© | ©
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STATISTICAL INFERENCE Credibility Intervals

Empirical Cumulative Distribution of Voltage and fitted distributions

1.0

—— ECDF

— MOM Normal
—— MLE Normal
— MOM Gamma
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Sample Quantiles of Voltage
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STATISTICAL INFERENCE Credibility Intervals

*  Given an "adequately" fitted theoretical distribution F'x ( - |E) to a
dataset (21, ..., T,) from an i.i.d. random sample, we can establish a
p x 100% credibility interval estimate [I, u] such that

Pr(X ell,u]) = p
by setting:
{ L= 202 = Fx ' (15216),
w= 21y = Fx'(1— 1521)
where X (1_p)/2 and T1_(1_p)/2 are quantiles of the cumulative distribution
function Fx (x|8).

*  For example, if we set p = 0.90, we have

| = z005 = F'x'(0.05 @), The 5-th percentile,
u = z9s = Fx1(0.95(8), The 95-th percentile.
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STATISTICAL INFERENCE Credibility Intervals

Example 15 (Continued): Dielectric breakdown voltage data

2446 2561 2625 2642 2666 2715 2731 2754 27.74 2794
2798 28.04 28.28 2849 2850 2887 29.11 29.13 29.50 30.88

T~ 27.793, s> ~ 2.137or s ~ 1.462

We have for a 90% credibility interval using the normal distribution fit:

[ = Loo5 ~ 2539,
U = Tpog5 ~ 30.20

Compare this with the earlier established 90% two-sided confidence interval:

LT3 X V2U4 o po  LTBX V2, oo o0 g
/20 V20

27.793 —

WHAT IS THE DIFFERENCE?
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STATISTICAL INFERENCE

Credibility Intervals

Probability Plots in MINITAB to calculate Credibility Intervals

99

Probability Plot of Data
Normal - 95% CI
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StDev  1.462
N 20
AD 0.189
P-Value 0.888

22
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STATISTICAL INFERENCE Probability Plots

*  Probability plots in MINITAB are a powerful visual tool for testing
goodness of fit.

 The AD value is the statistic value of the Anderson-Darling goodness-
of-fit test (similar in spirit as the x?-test). Large values of the AD-statistic
indicate a larger deviation from the fitted theoretical distribution.

e  The larger the p-value the larger the support for Fix ( - |E)

*  If the theoretical distribution is a perfect fit of all data points should form a
straight line.

. Deviations from the straight line show deviations from the fitted
theoretical distribution.

*  When can a data point be considered an outlier? Answer: when a data
point is outside the boundaries that are drawn. The boundaries in the

above figure are 95% confidence intervals for the cdf-value Fx ( - ré)
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STATISTICAL INFERENCE

Credibility Intervals

Fitted Quantiles of Voltage

Fitted Quantiles of Voltage
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QQ Plot Voltage - Normal MOM Fit
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QQ Plot Voltage - Gamma MOM Fit
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Analysis in file "Voltage_ QQ_Plots.R"

Fitted Quantiles of Voltage
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STATISTICAL INFERENCE

Credibility Intervals

Probability Plots in MINITAB to calculate Credibility Intervals
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Gamma - 95% CI
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P-Value >0.250
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STATISTICAL INFERENCE Credibility Intervals

*  The 90% confidence interval above was calculated for F[X], not X!

. This 1s true in general: confidence intervals are calculated for a
characteristic of X such as for example E[X]|, Var[X], etc.

*  For a dataset (1, ..., x,) no probability interpretation can be assigned to
an evaluated (1 — o) 100% confidence interval. Recall, it is a realization of a
randomly changing interval based on an 2.2.d. random sample

(X1, --.,X,) where that randomly changing interval has
(1 — @)100% probability of capturing E[X].

*  When the sample size 72 increases the width of confidence intervals

decrease. They converge to the true value (a single point) of e.g. /[ X],
Var[X].

e Foradataset (z1,...,x,), the probability that a realization of the
random variable X is a member within an (1 — a/)100% credibility interval
for X (which is also random interval) equals approximately (1 — «).
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STATISTICAL INFERENCE Credibility Intervals

*  The width of the confidence interval decreases, as the sample size increases
whereas the width of the credibility interval does not.

Sampled 90 % confidence interval - variance unknown

I - Sample Size = 10
............... 5 % quantile N(0,1) pdf
............ 95 % quantile -————- True average p
- 90 % Cred. Interval 90 % Conf. Interval
2 - Sample
=
7 o
o) (@)
©
- X
= I * {
|
i
g — ° e e0o0bd | o o °
| | | | | | |
=3 =2 -1 0 1 2 3

Analysis in file "Norm_Conf_Cred_Var_UnKnown.R"
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STATISTICAL INFERENCE Credibility Intervals

*  The width of the confidence interval decreases, as the sample size increases
whereas the width of the credibility interval does not.

Sampled 90 % confidence interval - variance unknown

S 4  Sample Size = 100 -
............... 5 % quantile : N(0,1) pdf
............ 95 % quantile : —————— True average p
- 90 % Cred. Interval I 90 % Conf. Interval
c ] l Sample
I
|
> I
2 o !
& © I
© |
i
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— | X
° T i
[ :
I i
. N} i
g — o0 0 ® o0 ® o006 CEE®Y CEDCEEDESD &R 0@ ..!.. { ] { ] {_J
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STATISTICAL INFERENCE Credibility Intervals

*  The width of the confidence interval decreases, as the sample size increases
whereas the width of the credibility interval does not.
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